We calculate the energy spectrum and eigenstates of a graphene sheet which contains a circular deformation. Using time-independent perturbation theory with the ratio of the height and width of the deformation as the small parameter, we find that due to the curvature the wavefunctions for the various states acquire unique angular asymmetry. We demonstrate that the pseudo-magnetic fields induced by the curvature result in circulating probability currents. These circulating currents in turn produce local real magnetic fields ∼ 100 µT which can be measured using current technology.
Graphene, a monolayer of carbon atoms in a honeycomb lattice, has attracted a lot of interest in the last decade [1] [2] [3] . Along with many interesting electronic transport properties [4] graphene has some intriguing structural and mechanical properties [5] . A suspended graphene sheet can be deflected by applying a gate voltage [6] . Early on, curvature induced by topological defects was studied in the context of carbon nanotubes and fullerenes [7] [8] [9] [10] . Graphene sheets deposited on a substrate naturally show corrugations [11, 12] which can be modeled as defects [13] . Deformations in a graphene sheet can provide a mechanism for spin relaxation which is stronger than relaxation due to intrinsic spin orbit interactions [14] . These deformations can also lead to significant effective pseudo-magnetic fields [15] . Two recent works have investigated properties of pseudo-magnetic fields in graphene sheets: In Ref. [16] de Juan et al. investigate Aharonov-Bohm interferences in the local density of states due to a fictitious strain-induced magnetic field, and in Ref. [17] Abedpour et al. calculate the pseudo-magnetic field induced by shear stress in circular graphene rings.
The purpose of this Letter is to investigate the possibility of exploiting curvature, induced by elastic deformations, in a graphene sheet for generating states with circulating currents. We focus on systems where the curvature in the graphene sample can be controlled externally. A possible way of realizing such systems is to suspend graphene samples on a substrate where an annulus has been etched away. Modeling the curvature as a Gaussian-shaped bump and using perturbation theory, we show that it is possible to generate localized circulating carriers in the ground state for such systems.
According to the standard theory of elasticity [13, [18] [19] [20] the effect of curvature can be captured by including a scalar (V 1 ) and vector (V 2 = A x ps − iA y ps ) potential in the Hamiltonian [13] with V 1 = g 1 (u xx + u yy ) and V 2 = g 2 (u xx − u yy + 2iu xy ). Here u ij (with i, j ∈ {x, y}) is the usual deformation tensor, withū i =ū i (r), i ∈ {x, y, z}, the Cartesian components of the average displacements. The coupling constants g 1 and g 2 are known from transport measurements [13] . We assume that the length scales associated with the deformation are much larger than a cc , where a cc ∼ 1.4 Arepresents the lattice constant of graphene, so that inter valley scattering can be neglected. The single-valley Dirac Hamiltonian for the system in the absence of external magnetic fields is given by:
Here v F is the Fermi velocity and p=−ih∇ represents the momentum operator. Now we focus on the shape of the deformation. In particular we consider two deformations: (a) a Gaussian centered at the origin, i.e u z (r) = . These deformations are schematically depicted in Fig. 1(a) and 1(b) . We consider deformations with small height and large width and apply perturbation theory, using α ≡ A/b as the small parameter. by
where 
and
Here H 0 describes the unperturbed system, which is a flat circular graphene sheet of radius R and H 1 is the perturbation. The normalized eigenstates of the unperturbed Hamiltonian H 0 are given by [21] :
where J m (rk) is the Bessel function of integer order m with energies m,k = shv F k. s = ±1 represents the conduction and the valence band. It should be noted that the states described by Eq. (6) are also eigenfunctions of the z-component of the total angular momentumL z :
Now we impose infinite mass boundary conditions [22] which are valid in the regime R a cc . This can be done individually for each m and results in the eigenvalue equation: ≈ 30 meV for R = 50 nm [23] . It is useful to write the perturbation Hamiltonian H 1 as
where β ≡ b/R and x = r/R. The form of the deformation is now given as
for type (b) deformations. (6c 2 r 2 + 2r 4 − 2c 3 r − 6cr 3 + b 2 c 2 − b 2 cr) sin(3θ)ẑ as shown in Fig.  1(d) . The pseudo-magnetic fields are not real magnetic fields but a consequence of the deformation. Although these fields are zero when averaged over the entire circular graphene sheet (as can also be seen from Figs. 1(c) and 1(d)), they can locally be quite large, see the discussion at the end of the Letter. Now we calculate the corrections due to the curvature to the energy spectrum and eigenfunctions up to second order in α 2 . The energy eigenvalues are then given by
. Similarly, the wavefunctions 
where A ml is the normalization factor given by
The corrections
are calculated by standard time-independent non-degenerate perturbation theory [24] and we obtain:
Here the matrix element V k m ,l ;k m,l is given by:
The angular integral in Eq. (14) is only non-zero if m = m , m = m + 3 or m = m − 3, which simplifies the calculations.
Now we present our numerical results. In principle the sum in the expressions for
[Eqns. (13)] runs over an infinite number of values of k m,l , but we restrict the sum to values of k m,l such that m ∈ (−6, 5) and l ∈ (−15, 15). We have verified that the results obtained by using this restricted sum presented for the lowest two electron-like and lowest two hole-like eigenvalues and eigenfunctions are converged up to at least four significant digits.
In Fig. 2 we plot the probability density Ψ † k m,l Ψ k m,l over the entire graphene sheet for the lowest electronic state (i.e k m,l = 1.4347/R) and the first excited electronic state (i.e k m,l = 2.62987/R) for both type (a) and (b) deformations. A contour plot of Ψ † k m,l Ψ k m,l is shown in Fig. 2(a) for the lowest electronic state (ground state) for a central Gaussian [type (a)] deformation. We see that there is no angular dependence of the probability density, which is in agreement with previously obtained results [13, 19] . In contrast, Fig. 2(b) shows that Ψ † k m,l Ψ k m,l for the first excited electronic state of a type (a) deformation is angle-dependent. This angular dependence is in agreement with the pseudo-magnetic field B (a)
ps generated by such a deformation. For a ring-shaped Gaussian, on the other hand, it is evident from Figs. 2(c) and 2(d) that the probability density Ψ † k m,l Ψ k m,l is angle-dependent for both the ground state and the first excited state. The fact that also the probability density of the ground state is angle-dependent makes the ring-shaped deformations more suitable for experimental demonstration. It should be noted that the probability density is high around the location of the deformation (r = 0.4R). As we increase α, the effect of deformation-induced localization of the wavefunctions for both types of deformations increases. A localized probability density results in circulating currents which in turn generate local magnetic fields. In order to investigate this effect we calculate the probability current density Fig. 3(a) shows a vector field plot of j over the entire graphene sheet for the lowest electronic state of a ring-shaped Gaussian [type (b)] deformation.
Localization of the carriers is a repercussion of the topological effect of the pseudo-magnetic field. To elucidate this further we plot in Fig. 3 the classical trajectories calculated from the corresponding classical Hamiltonian
Fig 3(b) shows the position space cyclotron orbits for the ground state of the ring shaped Gaussian deformation [25] . The two different sublattices of graphene have different orbits as is shown by the solid and the dashed lines. Fig. 3(c) shows the corresponding momentum space closed orbits. These classical orbits exhibit remarkable similarity to the quantum-mechanical probability density and the probability density current shown in Figs. 2(c) and 3(a) . These circulating orbits produce local magnetic fields (which are zero when averaged over the entire graphene sheet). It should be stressed that the existence of these magnetic fields does require the carriers to be valley-polarized, since otherwise the degenerate carriers in the other valley will cancel these local magnetic fields exactly. As has been suggested recently, a special kind of line defect can be used in graphene as a valley filter [26] . Alternately, weak intervalley scattering has been shown to lift the valley degeneracy [16] . Experimentally one can measure the angular distribution of the probability density using a scanning tunneling microscope (STM). To get an estimate for the order of magnitude of the magnetic fields produced we approximate the current density depicted in Fig. 3 (a) by a circular wire of radius 0.4R, where six equal arcs on the circumference carry alternating counter circulating constant currents. For typical carrier densities of 10 12 cm −2 the resulting magnetic fields are then of order 100µT. Magnetic fields of this order can be easily measured by using a single nitrogen-vacancy (NV) impurity in diamond [27] .
To summarize, we have calculated the energy spectrum and wavefunctions for two circular Gaussian shaped deformations in a graphene sheet using perturbation theory. Due to the curvature in the graphene sheet the carriers become localized around the deformation and follow circulating orbits. These circulating carriers produce local magnetic fields which are zero when averaged over the entire sample. Interesting angular dependence of the probability density is predicted for the ground state of a ring shaped Gaussian deformation. We suggest different ways to experimentally verify our predictions with current technologies, which will provide further insight.
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